1 The plasma flow in a Hall thruster is analyzed at the limit of intense full ionization. Momentum and energy balance is used to obtain analytical expressions for the current utilization, for the magnitude of the ion backflow current into the anode, and for the location of the ionization region along the channel. Also, axial profiles of flow variables for various input parameters are found by a numerical calculation, that is guided by the analytical expressions.
I. Introduction
Hall thrusters [1] - [3] perform with efficiencies of more than 50% in the important range of specific impulses of 1500-2500 seconds. There is a substantial interest in improving the thruster performance in terms of a better plume collimation, operation extending to both higher and lower regimes of power and thrust, and variable thrust. Understanding the structure of the plasma flow in the thruster could be useful for accomplishing this task. In recent years we have developed a one-dimensional steady-state model of the Hall thruster and have demonstrated that flows with a smooth transition to supersonic velocities inside the thruster channel are possible [4] - [7] . We have also suggested how to deliberately generate an abrupt sonic transition inside the channel [7] . Additional aspects of the sonic transition have been addressed by other scientists [8] - [10] .
Recently, Ahedo, Martinez-Cerezo, and MartinezSanchez [11] have found, for the first time theoretically, a steady-state flow that includes a backflow towards the anode, similar to the backflow claimed in the past [12] - [13] . The backflow results from the requirement that the Bohm condition [14] be satisfied at the anode. The calculation has been made for a set of parameter values that corresponds to the SPT-100 thruster [15] . In addition to the numerical calculation, relations between various flow parameters have been derived through an asymptotic analysis, for cases such as the case solved numerically, in which an intense full ionization is located at a small region along the channel.
In this paper we too address the thruster at the parameter regime of an intense full ionization. We adopt the boundary condition used in [11] and the resulting backflow towards the anode. Rather than calculating the flow for one set of parameter values only, we derive analytically expressions for the approximate current utilization, backflow current, and location of the ionization zone, as a function of the gas mass flow rate, applied voltage, magnetic field profile and thruster geometry. The analytical expressions are obtained by applying momentum and energy conservation laws. Also, axial profiles of flow variables for various flow parameters are found by a numerical calculation, that is guided by the analytical results.
In Sec. II we present the model. The analytical expressions are derived in Sec. III. Analytical and numerical results are presented in Sec. IV. The results are discussed in Sec. V.
II. The Model
The ion dynamics is governed by the continuity equation
and by the momentum equation where n and n a are the densities of the quasi-neutral plasma and neutral gas, v i , v e , and v a are the ion, electron, and neutral velocities, e and m i are the ion (xenon) charge and mass, S is the plasma source, and φ is the electrostatic potential. We assume that the main variation in the coaxial geometry of the thruster is along z, the axial coordinate. The ions are assumed cold, collisionless and unmagnetized. The axial component of the electron momentum equation is
where T is the electron temperature, j θ is the electron azimuthal current density, B is the intensity of the approximately radial magnetic field, and the electron inertia is neglected. Adding Eqs. (2) and (3) and employing Ampere's law, (B/µ 0 ) (dB/dz) = j θ B (µ 0 is the permeability of free space), we obtain the momentum balance equation.
which expresses the conservation of the total particle and electromagnetic pressure along the thruster. In the quasi-neutral plasma the electric-field pressure is negligible relative to the magnetic-field pressure.
From the θ component of the electron momentum equation we obtain j θ B = m e ω 2 c Γ e /ν. Here m e , ω c , ν and Γ e ≡ nv e are the electron mass, cyclotron frequency, collision frequency and flux density. It is assumed that ν ω c . The more useful form of the momentum balance equation is
The change in the particle total pressure is due to the gradient in the magnetic-field pressure. The equation that governs the evolution of the electron enthalpy is
where i is the ionization energy and α i i is the average energy cost for ionization ( i = 12.1 eV and α i = 2.5 for xenon ). Wall losses, recombination and heat conduction are neglected. Multiplying Eq. (2) by v i and adding the resulting equation to Eq. (6), we obtain an equation for the total energy balance.
where j T ≡ en (v i − v e ) is the total current density.
In the next section we derive approximate analytical expressions.
III. Analytical Expressions
We assume that the mass flow rate density and the applied voltage are large enough so that the ionization is intense and occurs inside a small region only. The channel is thus composed of a narrow ionization layer, an acceleration region between the ionization layer and the cathode (identified for simplicity with the exit plane), and a backflow region between the ionization layer and the anode. The division into regions and subregions has been demonstrated in Ref. [11] . At this limit of intense full ionization the electron flux density in the acceleration region is constant and equals the electron flux density from the cathode Γ e = Γ eC . In the backflow region Γ eA = Γ eC −ṁ/(m i A) + Γ iA , whereṁ is the gas mass flow rate and A is the channel cross section, and Γ iA is the ion flux density at the anode (that results from the backflow). Although more accurate approximations can be made, we here make a simplifying assumption and neglect the small ion momentum and electron pressure at the anode. Integrating Eq. (5) across the backflow region we obtain
Here il denotes the ionization layer, z = 0 is the location of the anode, and we adopt the notation of Ref. [11] ν D ≡ ω 2 c /ν. We neglect the small potential drops across the backflow region and across the ionization layer, so that the ion velocity at the cathode is v iC = v 0 ≡ 2eφ A /m i (φ A is the applied voltage). Neglecting also the small electron temperature at the cathode, we obtain by integrating Eq. (5) across the acceleration region:
where L is the channel length and z = L is the location of the cathode.
An additional relation is obtained from the equation for the total energy balance, by assuming that the ion "heating" due to ionization (the right hand side of Eq. (7)) is small. Integrating the equation along the channel yields:
We use a third relation that is similar to that derived in Ref. [11] . In the acceleration region the ion and electron fluxes are constant. Equations (2) and (6) then yield m i v 2 i /2 + 5T /2 = eφ A . At the sonic transition, that occurs at the edge of the ionization region [4] - [10] 
We therefore have three relations, which we write in the following dimensionless forms:
1 +
We used the definitions:
and
where j bf ≡ eΓ iA and in the case of a full ionization we discuss here j T is
Equations (12), (13) and (14) 
depends on J bf , as we discuss shortly. The efficiency turns out to be
IV. Numerical and Analytical Results
In this section we present analytical and numerical descriptions of the flow in the thruster. We start by presenting a numerical calculation of the flow for a set of parameter values that corresponds to the SPT-100 thruster [15] , similar to the calculation first presented in Ref. [11] . The calculation demonstrates the features of the plasma flow at the limit of intense ionization, features that indeed justify the approximations that lead to the analytical results. We then present the analytical results that are obtained from the analytical expressions presented in the previous section. Finally, we present two additional numerical examples that exhibit the flow characteristics predicted by the analytical results.
In the calculation we employ the following nondi-
. The boundary conditions are: V = −C s and ψ = 1 + ψ sh at the anode, ζ = 0, and T e = T e,cathode and ψ = 0 at the cathode, ζ = 1. Here ψ sh , the normalized potential drop across the anode sheath, depends on the electron temperature at the anode. We numerically solve Eqs. (1), (2), (5), and (6) with the above boundary conditions, by integrating the equations from the sonic transition plane towards both anode and cathode, as described in [4, 5, 7] . In Figure 1 we present the profiles of the flow variables for the parameters of the SPT-100. The results are similar to the results in Ref. [11] , although, for simplicity, we assume a constant cross section flow. The magnetic field profile is shown in Fig. 1(i) and was taken as:
with ζ m = 0.4 and L m = 20 mm. The normalized total current and the total efficiency for this case are found to be J T ∼ = 1.163 and η T ∼ = 1/J T ∼ = 0.85 .
As pointed out in [11] , the division into three major regions is apparent: a diffusion region including the anode presheath, with slow ion backflow, low electron temperature and very low electric field, a relatively narrow, intense ionization layer causing the electron temperature to drop (anodewise) sharply and the ion current to increase nearly to the maximal value possible (at full ionization), and an acceleration region in which the plasma is almost completely ionized and accelerates to almost the maximal velocity available by the applied voltage. The narrow ionization layer is placed between a low temperature region at the anode side and a no neutral region at the cathode side. This can be seen in Figs. 1(d),(f) , & (h). The sonic plane is placed near the downstream edge of the ionization layer where the ionization rate is just sufficiently high to meet the regularity condition for a smooth sonic transition. The close-to-unity propellant and energy utilizations, J = 1 and V = 1 at the anode, are exhibited, supporting the approximations made in deriving the analytical expressions.
In the calculation anomalous colisionality had to be invoked. Similarly to [11] we chose Bohm diffusion with the Bohm parameter α B = 1/80. From the numerical results it follows that electron-neutral (e-n) and electron-ion (e-i) collisions are small relative to the anomalous collisions as seen in Fig. 1(h) , in which the ν D,n profile (ν D,n ≡ ν D m e /m i ) follow closely the magnetic field profile. Thus, in the solution of the analytical model, we neglect e-n and e-i collisions, making ν D a function of the magnetic field only. Therefore, F becomes an input parameter and f turns out to be a function of the axial coordinate z solely. The location of the sonic plane z s is found once the value of f is determined. We turn now to the discussion of the analytical model. For a given profile of the magnetic field, the applied voltage and the maximal intensity of the magnetic field (B max ), determine the parameter space. Equations (12)- (14) are solved for J T , z s , and J bf for the specified profile of the magnetic field, as functions of given B max and φ A . It emerges from the analytical solution, that the location of the sonic transition depends on the applied voltage as well as on the magnetic field axial profile but not on B max .
Results of the asymptotic model are presented in Figures 2-4 as contour maps of J T , η T , and J bf on the parametric plane. The location of the sonic transition z s is shown in Fig. 5 as a function of the applied voltage.
As seen in Fig. 2 the total current decreases as B max is increased, as expected, since B max impedes the electron axial motion. On the other hand, increasing the applied voltage decreases the efficiency and J T is increased. This is the result of the additional power needed to ionize the higher ion backflow, as seen in Fig. 4 . The location of the sonic transition plane (Fig. 5 ) moves towards the anode as the applied voltage increases. For each value of the applied voltage there exists a magnetic field for which J bf vanishes. At this point J T is the minimal possible and η T is maximal for that φ A . No steady state solutions exist for higher magnetic field intensities. The line of zero J bf bounds the region of solution existence on the contour maps. The minimal total current satisfies the relation:
The same trends of dependencies of the total current, sonic plane location and ion backflow current are observed in the numerical solution of the full model. In Figure 6 , we compare certain flow profiles of the previous case with two additional cases; a case of lower magnetic field intensity and a case of higher applied voltage. The neutral density is higher in both additional cases. This is explained by the higher ion backflow which recombines at the anode and joins the neutral gas flow. In both additional cases the total efficiency turns out to be lower. The total current and efficiency are found to be J T ∼ = 1.342 and η T ∼ = 0.72 in the case of lower magnetic field intensity, while in the high applied voltage case the values are J T ∼ = 1.192 and η T ∼ = 0.82. 
V. Conclusion
The flow in the Hall thruster was analyzed at the limit of intense full ionization. The derived analytical expressions provide better understanding of the thruster behaviour and of the efficiency dependence on the input parameters. The importance of the ion backflow, as an energy consuming mechanism, was recognized. The understanding gained by the analysis may be used in the search for improved thruster configurations. In future studies heat conductivity and ion loss in lateral walls may also be addressed.
These effects may reduce the calculated efficiencies to more realistic values.
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